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           The angular distributions of alpha particles elastically and inelastically scattered by "Zr, 
91Zr, and "Zr have been measured at 34.4 MeV. Scattered alpha particles were detected with 
        a broad-range magnetic analyser and/or a semiconductor detector. The overall energy resolution 
        of about 70 KeV in this experiment enabled to resolve many states. Theangular distributions were 
       fitted with the predictions of the collective model using DWBA analysis. Theextracted eformation 
        parameter /iL and deformation length ,e ,R0 were compared with those obtained by other workers. 
                              I. INTRODUCTION 
        The inelastic scattering of alpha particles by nuclei is known to excite preferentially 
     states of collective character. The study of the inelastic alpha scattering has proved 
     to be a powerful tool for investigating the collective states. 
        The low-lying states of 9 °Zr and of neighboring nuclei are well explained in terms 
     of the shell model.1^-4) Therefore, it is interesting to determine how well the collective 
     model and shell model predict inelastic scattering of alpha particles from zirconium 
     isotopes and to see if either model gives a more consistent picture. The present study 
    of inelastic alpha scattering by zirconium isotopes at 34.4 MeV has been intended to 
     develop on these points of view. 
        Since the present experiment was begun, the results of many other experimental 
studies5-17) on zirconium isotopes have become available. The studies of the inelastic 
     alpha scattering on zirconium isotopes have been carried out at incident energies of 31 
McV5) and above 40MeV,6-8) and there are no data in the incident region of 35 MeV. 
        In odd-mass nuclei, the quadrupole and octupole excitations would appear as 
     multiplets due to the weak-coupling of the odd nucleon with the even-even core vibra-
    tion. This splitting has actually been observed' 8) in the medium weight odd-mass 
     nuclei such as 5 9 Co, 6 3 Cu, and 6 5 Cu and has partially been explained in terms of 
     the weak-coupling core excitation model.' 9) 
        For the three low-lying states of 9 °Zr, preliminary results? °) of the present ex-
    periment have been reported. In this paper more detailed results for 9 °Zr and the 
     results for 'Zr9 and 92Zr are described. 
         * 7jj, j 1 : Department of Nuclear Engineering, Faculty of Engineering, Kyushu 
            University, Fukuoka. 
        ** /j\*J , #_E f , *IR 1 : Research Center for Nuclear Physics, Osaka University, Suita. 
*** : Institute for Physical and Mathematical Research, Pyong Sung City, D. P. R. K. 
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                         II. EXPERIMENTALPROCEDURE 
         Experimental procedures were similar to those of previous  investigations,21,22) 
     so that they are described briefly. 
        The 34.4-MeV alpha-particle beam from the 160-cm variable energy cyclotron 
     at the Institute for Nuclear Study, University of Tokyo, was analysed by a beam 
' analysing magnet and brought into a scattering chamber. The energy calibration of 
     the beam analysing system was made with a Po-alpha source and a proton resonance 
      device. 
        All targets were self-supporting metallic foils obtained from ORNL. The targets 
    consisted of isotopically enriched 90Zr (97.80%), 91Zr (90.88%), and 92Zr (93.22%) 
     whose thicknesses were 1.04, 0.95, and 0.87mg/cm2, respectively. 
        Scattered alpha particles were detected by a broad-range magnetic analyser and/or 
     an RCA Victor type C p-n junction detector on a turntable. Along the focal plane of 
     the broad-range magnet, an array of 160 semiconductor detectors was set and the 
     momentum spectra were recorded on a TMC 1024-channel pulse-height analyser. 
     The details of this detection system23, 24) were reported elsewhere. 
        The pulse from the p-n junction detector on the turntable was amplified with a 
     low-noise charge-sensitive preamplifier and fed into a Nuclear Data 1024-channel 
     pulse-height analyser. A defining slit 1 mm wide and 4 mm high was placed in front 
     of the detector and was situated 99.75 mm from the target. 
        For 90Zr the alpha particles scattered at small angles from 15° to 40° were detected 
     by the broad-range magnet system, while those scattered at larger angles from 40° 
     to 60° were detected simultaneously by the p-n junction detector on the turntable. 
        For 91Zr and 92Zr the alpha particles scattered at a few small angles were detected 
     by the magnet system, while those scattered at the other angles were detected by the 
     p-n junction detector. 
        The beam current was measured by a Faraday cup and a beam integrator, and it 
     was furthermore monitored by an Nal (Ti) scintillation counter located at an angle of 
     30° with the beam direction. 
        The energies of scattered particles were calibrated using the positions of the elastic 
     peak and inelastic peaks corresponding to the first 2+ state and the prominent 3-
     state, whose energies were well known.2 5' 26) 
                         III. EXPERIMENTAL RESULTS 
        Typical momentum spectra of the alpha particles scattered by 90Zr, 91Zr, and 92Zr 
     measured by the magnet system are shown in Figs. 1, 2, and 3, respectively. As is seen 
     in these figures, many alpha-particle groups are well separated. The full width at half 
     maximum was about 70keV and. 120 keV for the ..broad-range magnetic analyser 
     and the p-n junction detector, respectively. 
        The angular distributions for elastic scattering are shown in Fig. 4. The angular 
     distributions for inelastic scattering are shown in Figs. 5-10. 
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                 Fig. 1. Typical momentum spectrum of alpha particles scattered by "Zr at a laboratory 
                        angle of 30°. The energy levels corresponding to the peaks are shown in the upper 
                        part of the figure. 
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                 Fig. 2. Typical momentum spectrum of alpha particles scattered by "Zr at a laboratory 
                        angle of 32.5°. The energy levels corresponding to the peaks are shown in the 
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                       IV. DATA ANALYSIS 
   As described in the introduction, our primary intention was to determine how well 
the collective model and shell model predict inelastic scattering of alpha particles from 
zirconium isotopes and to see if either model gives a more consistent picture. For the 
interpretation of single-particle shell model, however, detailed analyses for zirconium 
isotopes have already been published by many authors for inelastic proton scatter-
ing9, io,13) and by Bingham et al .8) for inelastic alpha scattering. Even though the 
incident energy and/or the projectile are different, most conclusions of their analysis 
are expected to be consistent with our experimental results. Therefore, in the present 
paper the DWBA calculation is limited to the collective one-phonon excitation. 
IV-1 The Optical Model 
   For the elastic angular distributions, an optical-model analysis was performed. 
The experimental angular distribution does not cover a wide angular range, so there 
will be no need to use the most general optical potential in which the real and imaginary 
parts have independent parameters. We used, therefore, the four parameter potential 
and the Coulomb potential from a uniformly charged sphere of radius rcA1 /3. 
   The assumed optical potential is written as 
U(r)=Vc(r)—(V+iW) (ex +1)-1 
x =(r- roA l l3)/a,' 
where Vc(r) is the Coulomb electrostatic potential, V and W are the depths of the real 
and imaginary parts, respectively, of the nuclear optical potential, and r0A1/3 and a 
are the interaction radius and the diffuseness parameter, respectively. 
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   Fits to the data were obtained by varying the parameters of the potential so as to 
minimize the mean square deviation between the experimental and predicted cross sec-
tions. The minimization was performed using an automatic search routine.2 7) 
   The quantity x2/point was calculated assuming relative cross-section errors of 
5%. As is well known,28) alpha-particle scattering does not yield a unique optical 
potential. In Table I, two sets of potential parameters of depth V of about 50 and 200 
MeV are given for each isotope. The angular distributions predicted by the potentials 
2, 4, and 6 are compared with the experimental angular distributions in Fig. 4. The 
potentials 1, 3, and 5 reproduced nearly the same angular distributions as those predic- 
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     Fig. 4. Measured elastic scattering from 90Zr, 91Zr, and 9'Zr, and the optical model fits 
           using the potential 2, 4, and 6, respectively, of Table I. 
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Fig. 5. Measured angular distributions for inelas- Fig. 6. Measured angular distributions for inelas-
      tic scattering leading to the various states tic scattering leading to the various states 
      of 9°Zr. The solid curves are the DWBA of "Zr. The solid curves are the DWBA 
   predictions.predictions. 
     Table I. Optical Potentials for 34.4 MeV Alpha Particles on 90Zr, °1Zr, and "Zr. 
        VW - r°a r, X2in 
             (MeV)(MeV) (fm) (fm) (fm) 
"Zr1 45.85711.246 1.5627 0.5775 1.30 1.32 
           2 194.48223.249 1.3750 0.5707 " 1.30 1.83 
"Zr3 56.07314.583 1.5027 0.6112 1.30 1.06 
          4 213.92027.847 1.3409 0.5939 1.30 0.68 
9EZr5 54.94615.602 1.5167 0.5935 1.30 1.08 
          6 212.07733.182 1.3595 0.5765 1.30 0.89 
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ted by the potentials 2, 4, and 6, respectively. 
  The potentials,2, 4, and 6 were used for the following DWBA calculation. 
IV-2 DWBA Analysis 
   The first order collective excitation was assumed in the calculation.' 
   The form factor of the interaction potential is 
f.(r) —  R0V dU(r)                    a dr 
where U(r) is the optical potential used for calculation in the elastic scattering and 
Ro is the nuclear radius. The deformation parameters /11's were determined by nor-
malizing the individual calculated cross sections to the corresponding experimental 
data. 
   For these calculations, the DWBA computer code INS-DWBA 229) was used. 
The results of the DWBA calculations are shown in Figs. 5-10.  . The„ agreement be- 
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      Fig. 9. Measured angular distributions for inelas- Fig. 10. Measured angular distributions for inelas-
             tic scattering leading to the various statestic scattering leading to the various states 
            of 91Zr. The solid curves are the DWBAof 92Zr. The solid curvesare the DWBA 
      predictions.predictions. 
    tween theory and experiment is sufficiently good to enable us to make spin and parity 
    assignments. All the curves include Coulomb excitation. 
       Martens and Bernstein5) have analysed the 90Zr(a, a') reaction at 31 MeV and 
    have pointed out that the long-rang 1/r1±' dependence of the Coulomb form factor 
    implies the need to consider large impact parameters and correspondingly large 
an gular momenta. 
       The trial calculations for l =2 and l =3 with Coulomb excitation for Lmax = 30, 
                               (159)
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45,. and 50 were carried out. The results show that there is a large difference between 
Lmax =30 and Lmax =45 in both cases. However, there is a small difference of a few 
     percent between Lmax = 45 and L,,,a,x=50 beyond 20° for 1=2, while there is no ap-
     preciable difference between Lmax =45 and Lmax =50 beyond 15° for 1 =3. Therefore, 
     we concluded that the convergence was approximately obtained for Lmax =50. Thus 
     all the DWBA calculations shown in Figs. 5-10 were carried out for Lmax=50 and 
Rmax=25 fm. 
        Trial calculations for a complex form factor including Coulomb excitation effect 
    were also made. Calculated differential cross sections are a few percent larger than 
    those for the real form factor but the patterns of calculated curves are very similar 
    to those for the real form factor, so that this additional complication was not included 
     in the remainder of the calculations. 
        As is well known, the deformation parameter f1 for a given state differs consider-
    ably for different optical model parameters, but the deformation length /31R0 differs 
     by only a few percent. It is reasonable to compare the i1Ro values rather than the Yl 
    values for the experimental data obtained at different bombarding energies and with 
    different projectiles. 
        The values of the deformation length 13,R0 for 90Zr and 92Zr together with the 
     results obtained by other workers are presented in Table II and III, respectively.   
•Table II. Values of the Deformation Length ,81R° (in fm) in 90Zr Derived from the 
                        Present Data and Other Results. 
EJ" (a, a') ( a, a')(a, a') (p, p') (81-1e, 'He') 
         (MeV)34 MeV31 McVa)65 MeVb) 18 MeV') 44 MeV°) 
       2.18 2+ 0.470.500.40 0.38 0.52 
       3.30 2+ 0.220.200.25 
      3.85 2+ 0.260.260.300.33 
       2.74 3- 0.830.890.84 0.88 0.78 
      3.08 4+ 0.240.230.22 
4.33 4+ 0.350.310.33 
      2.32 5- 0.390.380.41 
       3.97 5- 0.310.23 
        4.54 6+ 0.18 
            a) ref. 5. b) ref. 8. c) ref. 9. d) ref. 16. 
             Table III. Values of the Deformation Length p1R° (in fm) in 92Zr Derived from the 
                        Present Data and Other Results. 
.l" (a, a')(a, a') (p, p') (d, d') 
        (MeV)34 MeV 65 MeV")19 McVbt 15 MeV') 
      0.932+ 0.750.740.74 0.63 
      1.852+ 0.370.340.31 
      2.343- 0.921.061.02 0.88 
      1.504+ 0.320.38 0.38 
       2.070.29 (4+)0.24 (3-) 
           a) ref. 8. b) ref. 10. c) ref. 15. 
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                               V. DISCUSSION
 V-1 Elastic Scattering 
       For alpha scattering, it is well known2 8) that there are several sets of optical model 
   parameters which give almost equally satisfactory fits to the experimental data. 
       A native picture of the alpha-nucleus interaction could envisage it as a simple 
    superposition of four nucleon-nucleus optical potentials, suitable averaged over the 
   internal motion of the alpha particle. Such a potential would have a real depth of order 
    200 MeV. As seen in Table I, the present case shows a preference for the sets of 
   potential parameters of depth V of about 200 MeV. 
   V-2 Inelastic Scattering for 90Zr 
       As is seen in Figs. 5 and 6, the phases of the measured angular distributions are 
   in fairly good agreement with the DWBA calculations, but the cross sections for a few 
   states fall off with angle more rapidly than the calculated ones. Especially, the measured 
   angular distribution for the 2.74-MeV (3-) state is in good agreement with the calculated 
   one. It deserves some notice that the measured angular distribution for the 4.54-MeV 
(6+) state is in good agreement with the calculated one. 
       Inelastic scattering experiments for 90Zr were carried out at different bombarding 
   energies and with different projectiles by many workers. As seen in Table II, /31R0 
   values obtained by many workers5.8'9'16) are in fairly good agreement with each 
   other. However, the agreement of 131R0 values for the 2.18-MeV (2+) state is not so 
   good, as those for 2.74-MeV (3-) state is very good. This fact may indicate that the 
   collective model is a poorer description of the 2.18-MeV excitation than of the 2.74-MeV 
    excitation. 
   V-3 Inelastic Scattering for 92Zr 
       As is seen in Fig. 10, the experimental angular distributions for the 0.93-, 1.85-, 
and. 2.34-MeV states are in good agreement with the DWBA predictions, while those 
    for the 1.50- and 2.07-MeV states are not so good. 
Jolly' 5) found that for 15-MeV deuterons the 1.85-McV(2+) and 1.50-McV(4+) 
   states have similar angular distributions, and he concluded that they, together with the 
1.38-MeV (0+) state, might be members of a two-phonon triplet. To analyse two-
    phonon states, coupled-channel calculations30) are ordinarily used.. 
       For the two-phonon states of 60Ni, our previous results31) have been analysed by 
Tamura32) with the coupled-channel method and have been successfully explained as 
   an interference effect between two possible modes for exciting the two-phonon states, 
    i.e., a direct transition and a multiple transition. 
      The angular distribution for the 1.50-MeV state shows some indication of slipping 
   out of phase with the single-excitation prediction at larger angles. This tendency is 
   similar to that in the case of 60Ni. This situation indicates that the 1.50-MeV state 
    may be the two-phonon state, but that there is a serious objection33,34) to the traditional 
    phonon model at least at the present incident energy. The same conclusions have been 
    reached also with shell-model calculations.3 5) 
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Jolly 15) suggested that the 2.07-MeV group seems to be a mixture of l =2 and 
l=3 or 4 transitions, while Stautberg et al.10) analysed their (p, p') data as 1=3 for 
the 2.07-MeV group. The present result seems to support Jolly's suggestion. 
131R0 values obtained in the present experiment are in fairly good agreement with 
those obtained by other workers8''°' 1 5) as seen in Table III. 
V-4 Inelastic Scattering for 'Zr9 
   The measured angular distributions shown in Fig. 2 are for groups of unresolved 
states except for a few low lying states, so that precise spectroscopic information is 
not expected to be obtained. 
   The angular distributions for the 1.21-, 1.47-, and 1.88-MeV groups fit to the 
calculated curves for 1=2. If these groups arise primarily from weak-coupling of a 
d512 neutron to the 90Zr core excited to the 2+ state at 2.18 MeV, the sum of the cross 
sections for these groups should be the same as the cross section for the excitation of 
the 2.18-MeV (2+) state of 90Zr. Experimentally the sum is about 0.7 times. 
   The angular distributions for the 2.04-, 2.17-, 2.58-, 2.83-, and 3.03-MeV groups 
fit to the calculated curves for 1=3.  If these groups arise primarily from weak-coupling 
                         Table IV. Excited States in "Zr 
             Present work14 MeV (p, p')a) 19 MeV (p, p')b) 
          •  E,z l Jn Rt Ea l Pt E,,. l 
 (MeV)(MeV)(MeV) 
  1.21 21/2+ 0.16 1.19 2 0.17 1.205 2 
  1.47 2 5/2+ 0.05 1.45 2 0.09 1.475 2 
  1.88 2 7/2' 0.08 1.86 2 0.11 1.880 2 
  2.04 3 (3/2, 5/2, 7/2-) 2.02 32.040 (2) 
   2.17 3 (11/2-) (0.11) 2.15 3 (0.24) 2.160 3 
                                                                2.200 
                 2.322.320 
                 2.352.385 
   2.58 3 (1/2-) (0.21) 2.54 3 (0.24) 2.565 (2) 
                                                     2.630 3
          (3/2, 5/2, 7/2-) 2.67 32.690 3
                                                     2.755 3
   2.83 3 - (9/2-) (0.22) 2.79 3 (0.20) 2.815 3 
2.910 
  3.03 3 (3/2, 5/2, 7/2-) 3.01 33.030 3 
                     3.08 23.100 
 3.24- 3.263.225 
                                                                3.300 
 3.473.45 (5)3.475 
   4.3 (5) 
   5.6 (3) 
     a) ref. 14. b) ref. 13. 
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of  a  d512 neutron to the 90Zr core excited to the 3- state at 2.74 MeV, the sum of the 
cross sections for these groups should be the same as the cross section for the excita-
tion of the 2.74-MeV (3-) state of 90Zr. The sum is about 1.6 times. 
   The weak-coupling core excitation model' 9) predicts that the cross .section for 
each member of the multiplet will be proportional to 2J+1, where J is a spin of the final 
state. The deduced /32 and /33 values are listed in Table IV. The $2 value ranges 
from 0.05 to 0.16 and the N3 value ranges from 0.11 to 0.22. This fact and the fact 
concerning with the summed cross sections show that this model may not be a good 
description in this nucleus. 
   For the 2.04-MeV group the angular distribution obtained from the 14-MeV 
(p, p') work") fits to the calculated curve for 1=3, while that obtained by the 19-MeV 
(p, p') work 13) fits to the calculated curve for 1=2. The present data support 1=3. 
On the other hand, the spin-parity of the 2.04-MeV state has already been assigned2 6) 
to be 3/2+ which corresponds to 1=2. This discrepancy cannot be explained in this 
stage. 
   For the 3.47-MeV group Awaya et al.1 4) suggested 1=5 transition. As seen in 
Fig. 9, the angular distribution obtained by us fits to the calculated curve for 1=2 
rather than 1=5. 
           The angular distributions for the 4.3- and 5.6-MeV groups fit to the calculated 
curves for 1=5  and 1=3,  respectively. 
• 
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